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In this paper, we study open-closed string field theory in the background B-field in the 
so-called a = formulation. The string field theory in the infrared gives noncommutative 
gauge theory in the open string sector. Since this theory includes closed string fields as 
dynamical variables, we can obtain another string field theory in the same background 
through the condensation of closed string fields, whose low-energy effective action does 
not show the noncommutativity of spacetime. Although we have two string field theories 
in the same background, we show that these theories are equivalent. In fact, we give the 
unitary transformation from string fields in one of them to string fields in the other. 
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1. Introduction 

In our previous paper [|l|, we studied Witten's open string field theory in the 
background S- field In the resulting string field theory, the kinetic term has an or- 

dinary form, except that the metric in the BRS charge of the kinetic term is the open 
string metric Gij, not the closed string metric Qij. The open string metric Gij is related 
to the closed string metric gij by Gij = gij — hikg^^hij, where hij = {2tx a')Bij] Bij is 
the background S-field. The interaction term is also affected by the background i?-field. 
The interaction term of Witten's open string field theory is only the three-string vertex 
321 (V3I |^')2 1^)3- In the presence of the S-field, the three-string vertex (V3I becomes 
(V3I exp[— (z/4) 6'*-'p^^'*pj'*-']. These results are in agreement with the results in 0]. 

Therefore, we can expect that the low-energy physics is effectively described by noncom- 
mutative gauge theory. 

The novelty of the papers is that the noncommutative factor e^"*-*^^-* ^« 1 
on the three-string vertex (V3I can be expressed as nr=i^'''^''' where U^'^^ = ' is a 
unitary operator of the r-th string. Therefore, it is very tempting to transform open string 
fields \1/ by \E' ^ to remove the noncommutative factor exp[— (z/4) Ylr<s P"j^] 

from the three-string vertex, and to expect that the low-energy dynamics is described by an 
ordinary gauge theory with background field strength Bij. In fact, the unitary operator 
U''^'' cannot be uniquely determined. In the papers 0,0, a unitary operator e^^' ' was 
proposed to be M^'^^ = {i/2)9'^^pLi^^PR^j~\ where pLi is given by the integration of the 
momentum -Pi(cr) over half a string (0,7r/2) and p^^ over {n/2,n). Upon the unitary 
transformation, we obtain the transformed BRS charge e^^ QBe~^ in the kinetic term and 
find that it is divergent. It seems that the divergence comes from the midpoint of open 
strings: a = 7v/2. Since the transformed BRS charge should not depend on the types of 
the string interactions, it is natural to seek candidates for the operator M which can be 
used in other string field theories, as well as in Witten's string field theory. As we argued 
in our paper [||, another operator M has been proposed to be M = — | da da't{a — 
a')9^^ Pi{a)Pj{a'), which we called M in [Q. By making use of this operator M, the 
transformed BRS charge c^Qbc"^ can be found to be finite, as we will see below. 

Thus, if we perform the unitary transformation \1/ e~^\l/, we may expect to obtain 
another string field theory in the same background S-field, which gives an ordinary gauge 
theory with the background field strength Bij in the infrared. The aim of this paper is to 
show that this is indeed the case. To this end, it is appropriate to use an open-closed string 
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field theory, because we have closed string fields as dynamical variables in such a theory. 
Since the antisymmetric tensor Bij is a component field of closed string fields, it is easy to 
understand the background S-field as the condensation of closed string fields. Thus, we 
can obtain an open-closed string field theory in the background S-field from the theory in 
the absence of the S-field by shifting closed string fields by the vacuum expectation value 
of the dynamical S-field contained in closed string fields. In this paper, we will use an 
open-closed string field theory recently given by Asakawa, Kugo, and one of the authors 

m- 

The operator M = da da'e{a — a')9^^ Pi{a)Pj{a') can be applied to the open- 

closed string field theory of the papers 0-0. Indeed, we can express all the interactions 
of the string field theory in the S-field by using this operator M and the vertices of the 
string field theory without the S-field, in the same way as we have done in Witten's string 
field theory [|l],^ . In this case, we also need the interactions between open string fields and 
closed string fields. Therefore, one of the new results in our construction is the interaction 
between open strings and closed strings in the presence of the background S-field. In this 
paper, one of our main results is to show that this theory can be transformed into the 
theory obtained by the condensation of closed string fields by the above transformation 

This paper is organized as follows: In section 2, we construct the open-closed string 
field theory in the S-field by solving the overlapping conditions to obtain the string vertices. 
In section 3, we obtain another string field theory in the same background as the theory 
in section 2 by utilizing the condensation of closed string fields. In section 4, we discuss 
the transformation of the string field theory in section 2 into the theory in section 3 by 
using the unitary transformation. Section 5 is devoted to discussion. In the appendix, 
we solve the overlapping conditions for the open-closed string transition vertex and the 
open-open-closed string vertex in the background S-field to obtain these vertices. 



2. Open-Closed String Field Theory in the Background S-Field 

Some covariant string field theories have been constructed as covariantized light-cone 
gauge string field theories in |]8|-|T0[|. The theories include unphysical parameters called 
string length parameters a, which are necessary to describe the joining- splitting vertices 
instead of the light-cone momentum in the light-cone gauge string field theory |jll|,0 . 
In order to avoid such unphysical parameters, though we have to give up a manifestly 
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Lorentz covariant formulation, we can use the so-called a = HIKKO theories |13 
where we eliminate p"*" and identify a as p~^. This formulation still retains gauge invariance 
and is distinct from the light-cone gauge string field theory in this respect. In the series of 
papers , an open-closed string field theory has been constructed in the ct = p"*" HIKKO 
formulation. 

In this paper, we will study this theory in a constant background S-field. In general, 
the gauge invariance of this system is subtle due to the divergence from the dilaton tadpoles. 
Although, as shown in , gauge invariance can be maintained by the cancellation of the 
dilaton tadpoles from the disk amplitude and the crosscap amplitude, we will only consider 
the oriented sector in the theory. Since D-branes and orientifold plans are the sources of 
the disk and the crosscap, respectively, we will restrict our study to D-branes, despite the 
importance of orientifold planes in maintaining the full gauge invariance of the theory 0. 

As we will show in this section, the vertices of our string field theory in the S-field 
can be obtained by replacing open string fields with e^|\l/) in the string field theory 
with no S-field, where M is a particular operator. The aim of this section is to explain 
the derivation of this prescription. 

Before we construct the string field theory in our background, let us recall some facts 
about the first-quantized open string theory in this background. The worldsheet action of 
open strings is 

S = j"^^ I (^9^Jv'''^aX'^tX' - 2na'B,,e''^daX'dbX'^ , (2.1) 

where Qij is a constant background metric and Bij is the constant background antisymmet- 
ric field. If the Dirichlet boundary condition is not chosen for all the directions of the string 
coordinates, the boundary condition can be seen to be gijd^X^ + {2na')BijdrX^ = at cr = 
0, TT. For simplicity, we will impose this boundary condition on all the string coordinates 
X*(r, cr). The conjugate momenta -Pi(cr) are given by {l/2TTa')gijdrX^ (a) + BijO^X^ (a). 

Applying the Dirac quantization method to this system [|T6| , pr7[] (see also the appendix 
in ilH), we obtain the commutation relations 

X\a), P,(a')l =ai(5e(a,a'), [P^(a), P,(a')] = 0, 

. n (2-2) 



^ We could consider another approach to a gauge invariant open-closed string field theory [14|, 
which is constructed in a curved background with gauge invariance ensured by the Fishler-Susskind 



mechanism [15|. However, such a theory has not yet been fully constructed. 
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where the delta function 5c(cr, a') is (I/tt) X]n=-oo ^°^(^'^') ^c^.o-' Kro- 

necker delta. The noncommutative parameter 6'^^ is given by [{g + 2na'B)-^B{g - 
2na'B)~^Y^ . When turning off the S-field, we have the usual oscillator expansion of 
the string coordinates and the momenta 

X'(a) = + /s -a* cos(ncr), Pi(cr) = — - GioCt^ cos(na), (2.3) 

with Is = V2a'. In the presence of the S-field, the string coordinates become X'^{a) = 
X*(cr) + 9'^^Qj{a), where the open string metric Gij is [g — {2iTa')'^Bg~^B]ij, while the 
momenta remain unchanged. The change Q^{<j) is given by 



Qi{a) = -Pi((^ -7;) + -rYl -Gij^i sin(na) 
and is related to -Pi(cr) by 

Q,(a) = 1 r da't{a - a')P,{a'). (2.4) 



From (|2.2| ), we can obtain the commutation relations of these oscillators 

[x\ p^] = id], [al^, a{] = mSm+nG'^. (2.5) 

As we mentioned at the beginning of this section, in the resulting string field theory 
with the S-field, we will find that open string fields of the theory without the S-field 
are multiplied by the factor e^^. Therefore, it is appropriate to define this operator M 
before we give the vertices of the string field theory. The operator M is given by 

M--^/" da [ da'e{a-a')e'^Pi{a)Pj{a'), (2.6) 

where e{a) is a step function which is 1 for a > and —1 for a < 0. When solving the 
overlapping conditions to obtain the vertices, we will find that the usual vertices in 
fail to satisfy those conditions in our background. But if we put the operator e^^ on each 
leg of the open strings, the resulting vertices satisfy them. This is similar to what we have 
done for the midpoint interaction of Witten's theory in [jl|,|^ I. 



^ In Witten's theory, we can use another operator to make the vertices satisfy the overlapping 
conditions. See lITlHl for further details. 
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For closed strings, since we are considering a flat Minkowski spacetime, the S-field 
cannot alter the dynamics of this system. Indeed, though we have the same worldsheet 
action as ( |2.1| ), except that a runs from to 27r, not to tt, the term including the S-field can 
be made into a surface term and can thus be discarded. But later it will be convenient to 
have kept this term in the action. In the language of the Hamiltonian formulation, keeping 
the surface term means that we have alternative canonical variables X^[a) and -Pi(cr); from 
the action, the momenta -Pi(cr) can be seen to be [1 /2t: a') gijX'^ {a) + BijX ^ {a). 

Since the string coordinates obey the usual equation of motion and the periodic bound- 
ary condition is imposed on them, they have the usual oscillator expansion 



n/0 



) 



(2.7) 



It is obvious that the combination [Pi — BijX ^) has the ordinary expansion of the usual 
momenta, therefore we obtain 



where hij = {2'Ka')Bij. By using the usual commutation relations of the string coordinates 
and the momenta, we can verify that the oscillators satisfy 



(2.9) 



We will also find it useful to define for closed strings the counterpart of the operator M 



M = -- 



2tt 



2-K 



da / da'e{a-a')6'^Pi{a)Pj{a') 



(2.10) 



The BRS charges in this background are needed to obtain the kinetic terms of our 
string field theory. In the string field theory, we have the kinetic term of open string fields 
and that of closed string fields |$). Because we have the term including the S-field in 
the action for closed strings, the BRS charge for closed strings in our background is the 
same form as that for open strings, when we write them in terms of the string coordinates 
and the momenta. The ghost part of the BRS charges is not different from the usual one. 
The matter part can be given by using the energy-momentum tensor 
1 



T±± 



4a 
1 



l9 
G 



(2W)P, ± {g,k T h,k) X"'^ [(2W)P, ± {g,i T hji) X' 



X" ± {2na') G'" T 



2na' 



X'^ ± (27ra') G^' t 



0ji 
2na' 



P 



(2.11) 
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where the prime denotes the differentiation with respect to a. Here, the above expression 
can be apphed to the energy-momentum tensor only for open strings. In order 
to obtain the energy- momentum tensor for closed strings, we have to replace the string 
coordinates X^[a) with X^[a) in ( p.7|) and take away the hat on the energy- momentum 
tensor. Noting the combination {2T:a')g'^^ {Pi — BijX ^) in the former expression of the 
energy-momentum tensor in ( |2.11| ), we can see that T±± for closed strings has the usual 
oscillator expansion. We can use the latter expression of T±± for open strings to understand 
that T±± also has the usual oscillator expression except that the closed string metric gij 
is replaced by the open string metric Gij, as we mentioned in the introduction. 

Now, let us consider our open-closed string field theory in the background S-field. In 
the absence of the S-field, the action S of the oriented open-closed string field theory is 



-1(v1>|Qb|*) - I ($|Qb(6o^) 1$) + I (K5°(l,2,3)| \^),,, + ^ (n°(l,2,3,4)| |vE')432, 
+ 1^ {V.^il^ 2^ 3^) I |$)32i + g 2^) I + ^ 2, 3^)| 1^)3 

(2.12) 

as has been given in i. Here g is the open string coupling constant. The sign |^') 
will be used for an open string field in our theory with S-field. The multiple products 



l^)n ■ ■ ■ 1^)2 1^)1 string fields are denoted by |$)^...2i- In (|2.12|) , we omitted the inte- 
grations over the zero modes of the momenta. In the a = HIKKO formulation, we 
identify the a parameter as for closed strings and as 2p+ for open strings. 

We have five interaction vertices in this theory. These vertices can be obtained up 
to an overall normalization by solving the overlap condition. Similarly, in our background 
the string vertices are given by the overlapping condition. For example, the open three- 
string vertex (V3'(l, 2, 3) | in the case where cti, 02 > 0, 03 < is explicitly given by the 
overlapping condition 

(y3°(3, 2, 1) I {(^(1) (ai) - (as)] =0, (0 < a < yrai), 
{ V3°(3, 2, 1) I (^^) _ ^(3) ^^^)| ^ ^^^^ ^ ^ ^ ^i^^l)^ 



(2.13) 



^ In this action, the coefficients Xc, Xu and xq given in [^,0 are included in their respective ver- 
tices. Therefore, the definition of the vertices is different from that in by these multiphcative 
factors. 
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where (pj' \crr) denotes X^'^'^\ar) or {1/ ar)Pl^\(yr) of the r-th open string. Here we use 
the foUowing parameters: ai = (jja\\ 02 = (a — 7rcti)/ct2; o"3 = ('>t"|«3| ~<^)/\<^3\- Likewise, 
the usual open three-string vertex {V^{1, 2, 3)| is specified by 

(V3°(3, 2, 1)1 ^(1) (ai) - (/>(3) (as)} =0, (0 < a < yrai), 

(2.14) 

{V,^{3, 2, 1)1 1</>(2) (as) - (/>(3) (as)) = 0, {nai <a< n\as\), 

where (p^^^ar) is the same as (j)^^\ar ), but it denotes X*(^)((t^), not X^('^)((j^). This 
vertex (V3°(l, 2, 3)| can be used to solve the overlapping condition ( p.l3|) to get our vertex 
("l/3°(l,2,3)|. Replacing X^('^)(cr^) with X*(^)(ct^) in the left-hand side of (|J|), we find 
that those string coordinates do not connect on the vertex by the difference Q^^^\crr) 
between X*('^)(a^) and X*(^)(ct^). Indeed, using (|2.14|) and ( |2.4| ), we find 



(^3^(1, 2, 3)1 {q^W (ai) - (as)} = (^3^(1, 2, 3) | , (0 < a < yrai) 

(y3°(l,2,3)| ^^^^ _ Q.(3) ^^^)| ^ (^30(1,2,3)1 G>f (Trai < a < 7r|as|) 



(2.15) 

This equation ( p.l5| ) helps us to find our open three-string vertex 

(y3°(l,2,3)| = (y3°(l,2,3)|exp ( -| ^^S^J-^M , (2.16) 

\ r<s / 

which is the same expression as that in Witten's open string field theory, as has been found 
in 1,1 . 

The noncommutative factor exp[— (z/2) ^^^^ in ( |2.1(j| ) can be rewritten 

with the operator M, as has been discussed in In fact, changing the variables a in 
(^.6|) to the above as, we find that the operator M for the third string turns into 



2 Jo Jno^i «3 "3 

+ 1 Hda r\a'e{a-a')9^^-Pi'\a,)-Pf\a',) (2.17) 
4 Jo Jo as as 

4 Jnai Aai «3 as 

Putting this operator M^^^ on the vertex (y3°(l, 2, 3) |, due to the overlapping condition 
( p.l3|) , we can see that the second term in the right-hand side of ( |2.17|) can be converted to 



M^^^ and the third term to M^^\ Furthermore, the first term becomes —{i/2)$'^^p\^^pj^\ 
which can be made into -(^2) Er<. ^^^pfM'^ by using the momentum conservation. 
Thus, 

3 

(V3°(1,2,3)H (V3°(l,2,3)| ^e^^'^^ (2.18) 

r=l 

In the same manner, the open four-string vertex (y4°(l, 2, 3, 4) | can be found to be 
{V^il, 2, 3, 4)1 exp[-(l/2) Y.r<s S'^pVp'p] and be rewritten into 

4 

(Vr(l,2,3,4)| = (V4°(l,2,3,4)|ne^''^'. 

r=l 

Also, we can easily verify that the closed three-string vertex remains intact: 

(t>3<^(3^2^l^)l = (K;^(3^2^^l. 

The vertex {U (1, 2°)| gives the transition between an open string and a closed one, and 
(t/n(l, 2, 3°)| gives the interaction between two open strings and a closed one. Since the 
coordinates of the ends of open strings are noncommutative on D-branes and the 5-field 
can only change the dynamics of closed strings through interaction with open strings, the 
modification of these vertices by the 5-field are not given by the noncommutative factor 
exp[— (i/2) X^^^g O'^^pi^p'^^^]. However, as discussed in the appendix, by taking advantage 
of the operator M to solve the overlap conditions, we can obtain those vertices 

(?7(2,r)| = (t/(2,r)|e^''\ 

(?7o(3, 2, r) 1 = (C/n(3, 2, r)| e^^'^e^^'\ 

Thus, summing up our results about the vertices in our string field theory, we only 
have to substitute e^\'^) for in the vertices in the absence of the S-field to obtain all 
the vertices in our background. Therefore, the action of our string field theory is given by 

+ I (F3°(l, 2, 3) I \i>)^^^ + ^ {Vi{l, 2, 3, 4) 1 1^)4321 + ^ {Vi{r, 2^ 3^) 1 1^)32, 
+ g 2<=) I + ^ (?7n(l, 2, 3^) | 1^)3 \i>)^^. 

(2.19) 

In the next section, we will obtain an alternative string field theory in the same background 
through the condensation of the S-field included in closed string fields |$). 
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3. The Condensation of the S-Field 



In the previous section, we obtained the string field theory in the background S-field 
by constructing the vertices as the solutions of the overlapping conditions. The dynamical 
variables of this field theory are closed string fields as well as open string ones. Since the 
S-field is a component field of closed string fields, the background S-field can be obtained 
through the condensation of closed string fields. Therefore, beginning with the open-closed 
string field theory ( p.l2|) in the absence of the background S-field, and shifting closed string 



fields by the vacuum expectation value of the S-field, we obtain a string field theory in 
the same background as that in the previous section. The resulting theory is different 
from the theory in the previous section, because only the BRS charge is affected by the 
condensation. Unfortunately, it is difficult to shift closed string fields by a finite vacuum 
expectation value. Therefore, we will demonstrate the shifting by an infinitesimal amount 
in the string field theory. Then, integrating the infinitesimal change of the BRS charge 
under the shifting, we can find the string field theory in the finite S-field. 

3.1. The Background Independence of the String Vertices 

Before calculating the contraction of the string vertices with the shifted closed string 
fields, we need to understand what remains unchanged under the change of the background 



-B-field: Bij Bij + SBij, as Kugo and Zwiebach have done in [0. Although they dealt 
with the closed string field theory compactified on a torus, we will follow their method and 
extend the assumption to our system of open strings as well as closed strings. Indeed, we 
assume that the string coordinates X* and their momenta Pi of open strings and closed 
strings are background independent. In the previous section, we have dealt with the string 
coordinates X'^{a). These coordinates satisfy the boundary condition: d^X^ — 6'^^ Pj = at 
0" = 0, 7r. If we assumed that X^{ci) was background independent, it would be inconsistent 
with this boundary condition. To avoid this inconsistency, since duX"^ = d^X"^ + 9'^^Pj, we 
should assume that, rather than X*(cr), the string coordinates X^(a) of open strings are 
background independent, as is the momenta -Pj(cr). 

By applying this assumption to the energy-momentum tensor of closed strings, as 
we can see from under the infinitesimal change of the background S-field, we can 



obtain the variation of the energy-momentum tensor 

5T±±(a) = -'^g^f^SBkj (P.(a) - BuX'\a)) X"{a). (3.1) 



Since the BRS charge for closed strings is given by 



Qb = r ^ [c(a)T++(a) + c(a)T__(a)] , (3.2) 



its variation turns out to be 

f.27r 



5Qb = - jj da^ (c(a) + c(a)) g'^^SB^j (P.(cr) - B^X'^a)^ X"{a). (3.3) 

If we had dealt with the BRS charge for open strings in the above and had replaced the 
string coordinates X^{a) with the background-independent coordinates X^{a), we would 
have obtained the variation of the BRS charge in the same form as (|3.3|) except for the 
integration over (0, tt) instead of (0, 27r). 

By using (|2.7| ) and (|2.8| ) , in terms of the string coordinates and the momenta, we can 
express the oscillators for closed strings as 

<(S) = r ^e-'^'^g'^ f(27ra')P, - (2W)S,,X'' - g^,X' 
Jo ^'n'l's L 

Here we labeled the oscillators with the letter B as (a^(i?), a;^(i?)) to explicitly show their 
dependence on the background S-field. These oscillators (a^(i?), Q:^(i?)) can be related 
to the oscillators (a^(0), a^(0)) in the absence of the S-field by using the operator 



(3.4) 



2lT 



B = -- daB,jX'\a)X\a). (3.5) 
^ Jo 

In fact, since e^Pj(a)e~^ = -Pi(cr) — Bi^X'-' {a), we can see from (|3.4| ) that 

«(S), <(S)) = «(0), «U0)) • (3.6) 
Also, the S'L(2,C) invariant Fock vacuum depends upon the background S-field. Since the 
Fock vacuum is defined by {a\{B), ci^(i?)) |0; 0)^ = for n > 1, it is easy to verify that 

|0;0)5 = e^|0;0)o. (3.7) 

Here, we also labeled the Fock vacua with the letter B to show its dependence on the 
S-field. 

In the next subsection, we will try to find the string field theory in the background 
-B-field by gradually increasing the amount of the background S-field. We will do this by 
taking advantage of the condensation of closed string fields. This condensation turns out 
to only affect the kinetic term, i.e., the BRS charge, but not the interaction terms. There- 
fore, in this paper, we will assume that the string vertices are background independent. 
This is also supported by the fact that the string vertices are specified up to an overall 
normalization factor by the overlapping conditions which are written in terms of the string 
coordinates X'^{a) and their momenta Pi{a). 
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3.2. The Calculation for the Shifting of Closed String Fields 

An infinitesimal vacuum expectation value of the S-field contained in closed string 
fields 1$) is given by 

= -L.c-5B,,a^_^{B)aU{B)\l,l)^{2TifH^^{p), (3.8) 
Xcg 

where 8Bij is the infinitesimal constant background of the S-field and Xc is the numerical 
factor included in the closed three-string vertex. In addition, Cq is the zero mode of the 
reparametrization ghost and is given by the combination cq — cq- II5 1)b denotes the state 
ciCi |0, 0)^. By shifting closed string fields as |$) |$) + in (|2.12| ), we can obtain 
an open-closed string field theory in the background S-field. To calculate this shifting in 
( pj.l2| ), we will follow the prescription |T^] given by LeClair, Peskin, and Preitschopf, which 
will facilitate our calculation. 



The essential point of the prescription [18] is to take advantage of conformal field 



theory. The LPP vertices give the relation between vertices in string field theory and 
correlation functions in the corresponding conformal field theory, as we will see below. In 
the action ( 2.12 ), in terms of the LPP vertices (f (n, ■ ■ ■ , 2, 1) |, we can write the five vertices 



as 



(y3°(l,2,3)| = (t;3°(l,2,3)|, 

(y^(l^2^3^)l = x,(^;^(l^2^3'^)l n (^0^)^'^' 

(t/(l,2^)| = x„ (^1,2^)|(6-P)(2^), 



(y4°(l,2,3,4)| = X4 I ' dai'^ (<(1,2,3,4;ctS') 



(3.9) 



a 
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(t/n(l,2,3^)| =xn / da^^Hu^{\%lf-a^^^) ^(i)(^>o^) 



where the vertices denoted by the small letters are the LPP vertices. The parameter ao is 
a moduli parameter of the vertices and V is the operator which projects onto the Lq = Lq 
sector for closed strings. The necessity of the inserted anti-ghosts operator h is explained 
in ||T9|,|6|. In particular, 6q is given by (60 — ^o)/2. 
These LPP vertices are defined by 

(^;(n, ■ ■ ■ , 2, 1)1 1^2)2 ■ ■ ■ \A^)^ = (/ii[Oa,]/i2[Oa,] ■ ■ ■ h^[OAj) (3.10) 

where the right-hand side denotes the correlation function of the operators Oa^. trans- 
formed by the conformal mappings hr in the conformal field theory. Here, the string fields 
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\Ar)^ are Oa |0)^, and each string field \Ar)^ corresponds to a unit disc \wr\ < 1 of wliidi 
tlie corresponding operator Oa^ is inserted at tfie origin. Tliese unit discs are mapped 
by hr into a single complex z-plane to glue the strings. In particular, if the operator O 
is a primary field (j){w,w) of weight (d^d), it is transformed by the conformal mapping 
z = h{w) into 

M*K^)1= (3.11) 

As a simple example, the reflector for open strings is defined by 

{R^{2A)\\A),\B)^ = {I[Oa]Ob) , (3.12) 



where I{z) = —l/z [18|. For our calculation later, it will be useful to introduce another 



definition of the reflector 

(i?°(2, 1)1 \A), \B), = {h^[OA]h^[OB]) . (3.13) 

These conformal mappings h^{wr) are given by the Mandelstam mapping p = ai\ii{z — 
Zi) + a2 ln{z — Z2) where cti + 02 = 0. Here we use an intermediate p-plane: Wr = eP"^; 
p = aipi + po for the first string and p = 02^2 + Po + iTvai for the second string, po is the 
interaction point. 

Thus, in order to make use of this technique, we have to go to the Euclidean sig- 
nature on the worldsheet. In the conformal field theory language, the string coordi- 
nates of closed strings are given by dX^{w) = {ls/'^i)Yl^=-oo'^n'^~^~^ 3,nd dX'^{w) = 
(/s/2z) Yl^=-oo (in'w~^~^. For the reparametrization ghost, c{w) = J2'^=-oo Cn'w~"'~^^ and 
c{w) = J2'^=-oo CnW~'^~^^. In terms of these variables, can be written as 

m\ = -c" 1 — ^ ) SB,, lim ccdX'dX^(w,w) \0,0) „ (2nf^S^^(p). (3.14) 

To accurately formulate our calculation, it is useful to introduce a 'regularized' state 

\B'J)^ = lim ccdX'dX^{w,w) 10,0)^ {2n)^^S^^^{p), (3.15) 

whereof (p) = {l/2)[5{p+-e)+5{p+ +e)]S^^{p). Therefore, we can see that Cq (55^^- \B'J) 
-{a'xcg'^/2) in the limit e ^ 0. 
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Now, let us calculate the closed three-string vertex (y3'^(l'^, 2*^, 3*^)1 inserted by the 
shift 1 5$) by following the LPP prescription. The conformal mappings hr for the closed 
three-string vertex are given by the Mandelstam mapping [|T2|,|9[] 



3 

p = ar ln(z — Zr) = ar In Wr + (3.16) 

where string length parameters satisfy X]r=i '^r = 0. For our calculation, we only need 
the vertex with a particular configuration of strings where a2, cts > and ai < 0. In the 
Madelstam mapping ( |3.16|) of the configuration, Pq^'* = po + iiras; pl^^ = Po — it^ol^; p^^^ = 



po, where po is the interaction point given by po = p{zo); zq is defined by {dp/dz){z = 
zq) = 0. The variable is the position of the operator of the r-th string on the complex 
2-plane and are specified by Z^. = hr{wr = 0). 

Using the property of the LPP vertex, we find that 

{vlil'',2'^,3'')\\Bl^)^\A),\B), = {ccdX^dX\Zs,Zs)hl[OA]hl[OB]) , (3.17) 

where we introduce the label e for the above mappings hj. to remind us that the light-cone 
momentum of the third string is infinitesimal: as ~ e. In the right-hand side of ( |3.17|) , 
since the operator ccdX^dX^ contracted with the antisymmetric tensor dBij in the shift 
is a primary field with its weight (0,0) and h3{ws = 0) = Z3, we have used the fact that 
\iin^^oh3[cc6B,jdX'dX^{w,w)] = cc6BijdX'dX^ {Zs, Zs). 

In the limit as 0, we can see from ( p.l6| ) that the mappings become /i^, which 
are the conformal mappings to give the refiector for closed strings: the counterpart of the 
mapping associated with the refiector ( |3.13| ) for open strings. The insertion point Z3 goes 
to the interaction point zq on the 2;-plane. Therefore, the operator ccdX^dX^ {Z^, Z^) in the 
right-hand side of ( |3.17| ) becomes ccdX'^dX\zi^,Zi^. Since the interaction zq corresponds 
to the point t^i = 1 of the first string, we can regard the operator ccdX'^dX^ [zq.zq] as 
h^\ccdX'dX\w = 1, = 1)]. Thus, we find that 



•^(r,2^3'^)| |i?:^>3 = {R\\\2^)\ [ccdX^dX^f^^ {w = \w = 1), (3.18) 



where we dropped the states \-^2 ^'^'^ when the both sides are contracted with bBij. 
Since we made no assumptions in choosing these states, ( |3.18| ) should hold identically. 

When we contract the closed three-string vertex (^/^'^(l'^, 2*^, 3*^)| with the shift 
we can see that the zero mode 6^^ from the vertex cancels from the shift by their 
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commutation relation {^qiCq} = 1 and that the product of 2*^, 3'^)| and 

^^f^- -^y ( |3.1(j| ), the former factor becomes the reflector times the 
operator —{2 / a' Xcg^)5BijCcdX^dX^ of the first string. We make the projection V and the 
anti-ghost zero mode of the second string pass through the operator ccdX'^dXK After 
contracting the anti-ghost zero mode with the ghost operators c(a)c(a), we find that 
("l/3<^(1^2^3^)| |5$)3 becomes 

iRHl\ 2^)1 ( p(i')(c(i) + c(i)) aX^(i) = !,«; = !) {h^V)^^''\ (3.19) 

Since the projection operator V is given by (l/27r) J^'^ (icr exp za"(Lo — Lq), for an operator 
w), we obtain 



VO{w,w)V 



— 0{we"',we-"')V. 
2tx 



(3.20) 



By applying to (|3J9|), we find that (y3<^(l^ 2^ 3^) | \d^)^ can be rewritten as the 

reflector {R'{V,2^) \ operated by 

i-T^ r + SB^j dX^^'^ dX^^'\e^\ e-^<^) {h^V)^''\ (3.21) 
/ io 27r 

where c(a) = e~*'^c(e*'^) = Xln ^(^) = e*'^c(e~*'^) = Xln^^^'"^'^- Furthermore, 

dX'^dX^ [e^^ ^e~'^") in (|3.21| ) can be written in terms of the string coordinates and the 
momenta as A^{(j)A'{(j) where 

1 



A 



^{2na')P,{a) + {g,k-h,k)X"'{a) 
A\a) = l-y^ f(2W)P,((7) - {gjk + hju)X'\a) 



2r 



(3.22) 



Substituting A\a)A^{a) into (|3]2TD, we find that (|]2T|) becomes 



(c(i) (a) + c(i) (a) ) ^7^'5Sfc, ( (a) - S.^X" (a) ) X" (a) (6o ^) ^'^^ • (3-23) 



1 27ra^ /"^^ 
^(2^70 27r 

As we can see from ( |3.3|) , ( |3.23| ) can certainly be interpreted as the change of the BRS 
charge and we obtain the final result of this calculation 



1 



(V3<=(1^2^3'=)| = {R^{l\2^)\5Q^^^\B){h^V) 



9 



(3.24) 



where we label the variation of the BRS charge Q^{B) with the letter B as 8Q-b{B) to 
indicate its dependence on the background field Bij. This result ( |3.24| ) is in agreement 
with the result in [1^ . 
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The condensation of the S-field can also change the kinetic term of open string fields. 
The change comes from the contraction of the open-open-closed vertex {U^\ and the shift 
The corresponding LPP vertex (Mn(l, 2, 3*^; a"o) | is specified by the Mandelstam 
mapping 

p = ar ln(z — Zr) 



(r) 



(3.25) 



where the string length parameters q;^ satisfy J2r '^r = 0, and as = a^*. When ai, as > 

po - ia^^^ for < a(i) < (aJ^Vai) 



and a2 < 0, p'^^ = Po — icrj^^ 



(3) 

Z7ra2; Po 



and Pq 



(1) 



Po 



aQ^^ + 2z7ras for {oq^^ /ai) < a^^^ < tt, where a*^"*^^ = Imlnwi. po is the 



interaction point which is given by po = p{zo); zq is defined by {dp/dz){z = zq) = 0. a. 



(1) 



is the moduli parameter of this vertex which runs from to yrai, which is the point where 
the second open string breaks into the first open string and the closed string. Henceforth, 
for simplicity, a^^^ will be denoted by ao. The Koba-Nielsen variables Zi, Z2 of the open 
strings are real, while Zs and Zs* of the closed string are complex numbers satisfying that 
Zs* = Zs*. 

Before calculating the contraction 2, 3*^)| [S*-')^, it is useful to introduce 

the open string counterpart of the operator B, which will be denoted by Bo'- Bo = 
— (i/2) daBijX'^{a)X^ (a). Since the vertex {Uq{1,2,3'^)\ in the case where ai,as > 
a2 < satisfies the overlapping condition 



(^xn(l,2,3^;ao) 
(Mn(l,2,3^;cTo) 
(^/n(l,2,3^;cTo) 

we can see that 



ai 



X' 



TT a2 




- a 




a2 





^^(3) [ ^-^0 

as 



X' 



n\a2 




- a 




a2 





a — 27raj 
ai 



(t^n(l,2,3^)| 



X' 



TT a2 




- a 




a2 





0, (0 < a < ao) 

0, (ctq < cr < do + 27ras) 

= 0, (o"o + 27ras < c- < 7r|a2|) 

(3.26) 



■^(i)+i3(2)+i5(3) 



0. 



(3.27) 



Since, by our assumption, the vertex {Uq,{1,2,3'^)\ is background independent and 
\B^^)^ = \B^^)^, we can see from { ^l7\} that 



(C/n(l,2,3^)| \B^^)^ = (C/n(l,2,3^)| \B^'),e- 
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.B{i)_S{2) 



(3.28) 



Thus, in the foUowing, we will calculate the contraction ([/^(l, 2, 3*^)1 where there 

is no background S-field. Hence, for the sake of simplicity, we will omit from the states 
and the oscillators the label 0, which means no background S-field. After the calculation, 
we will restore the label. 

In a similar way to what we have done for the closed three-string vertex, using the 
property of the LPP vertex, we find that 
(C/n(l,2,3^)||5$)3.|A)2|S)i 



= lim '^^^SBij 



Here the anti-ghost factor is given H by 



dpo 



dp 



d<^o Jc„„ 27rz 



dpi 



da 



Jc 



dp* 
2ni 



(3.29) 



(3.30) 



We can rewrite the anti-ghost factor as 



dz [ dp 



r 27ri V dz 



h£ h{z)-ii — 



dz* ( dp 



Q ^ 2711 \dz* 



b{z' 



2i 



(fp_ 

dz^ 



h{zo) - 2i 



2 = 20 



dz*'^ 



(3.31) 



where we have used 



p{z) = p{zo) + 



1 fd'^p 



(z-zof + 0{{z-zof). 



(3.32) 



2 = 20 



2 \dz^ 

As we can see from the Mandelstam mapping of (|3.25| ), when 013 goes to zero, we can 
obtain the following equations: 



{Zs-Z,){Zs-Z2) , 2^ 

zq = Zs- a3 h 0(a3), 



dz"" 



-as 



2=20 



aiZi + a2Z2 
{Zs-Zi){Zs-Z2) 



(3.33) 



aiZi + a2Z2 

The first equation means that the interaction point zq goes to Z^ in the limit 0. 
Then, we can evaluate the ghost part of the correlation function ( |3.29| ), 



lim baaC{Zs)c{Z^) = lim 2i 

03^0 cts^O 



fp 

dz^ 



1 



2i 



2i 



(Z3 — Z\){^Zs — Z2 
a\Z\ -I- a2Z2 



Zq - 



■C(^3) + 



dz*"^ 



1 



Zn — Zjr 



-ciZ. 



,^ , (Zo* - Zl)(Zo* -Z2) ,^ 



dz 



dp* 
dz* 



z*=Z% 



(3.34) 
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where p denotes the mapping ( |3.25| ) in the hmit 03 ^ 0. In the same hmit, since ^ ^3, 
the insertion point of the operator ccdX^dX^ becomes equal to the interaction point po on 
the p plane. Because this point corresponds to the point a'^^^ = (cto/cki) on the worldsheet 
of the first string, we can see that 

-1 



dp 

dz 

dp' 
dz* 



cdX'dX^{zo,zo*) 



cdX'dX\zQ,zo' 



31(0-0/0:1) 
h, 

p-i{(J{) / OLl) 



(3.35) 



-hi 



where we have used (dz/dp) = {wi/ai){dz/dwi) and the anti-holomorphic counterpart, 
when the both sides are contracted with SB 



Substituting (|3.34| ) and ( p.35| ) into ( |3.29| ) and scaling a,fi ^ aia^, we find that 
(C/n(l,2,3^)| \5^)^\A)^ \B)^ becomes 

dar 



-(fl"(l,2)|^4B„ 



^{plc^'\po) + Po-c^'\pl))dX^^'m^^'\po,pl)\A)^\B),, 

(3.36) 

where po = 6*"^°. In the paper [Q, it was shown that the BRS invariance of the 
action requires that Sttzxsi = Xc, which we will apply to ( |3.36[ ). Since dX'^{w) = 
(Isf^i) J2n ctnW~'^~^ and dX^{w*) = {ls/'2i) J2n '^n(^*)~"'~^5 terms of the string coordi- 
nates idfjX'^{a) = Is J2n=io '^n sin(ncT) and the momenta -Pi(cr) = (l/yr/g) J2n 9ij(^n cos{na) 
for open strings, the operator dX^BX^ {po, p^) turns out to be —(1/4) {2Tia' g'^^Pk + X'*^ 

(2Tia'g^^Pi- X'^\ Therefore, we can verify that (|3.36| ) becomes 



27r 



(^°(1'2)| r ^ U'\<r) + c(^)(a)) g^'5B,, Pl'\a)X-''\a) \A), \B), . 

9 \^(^ > Jo ^ ' 



(3.37) 

Here ctq has been renamed o. Thus, as we can see from ( p.28|) , (C/n(l, 2, 3*^)| |(5$)^3 in the 
presence of the S-field becomes 



(^°(l,2)|:^e 



(1) 



da\ (c(i) (a) + c(i) (a)) <^HBk, P\'^ {.a)X''^'^ [a)e-^'^ , (3.38) 



where the operator e ^° ^ have been passed through the operator acting on the reflector 
(i?°(l,2)| in ( p:37D and made into by using the reflector. 
Now, let us show that the operator 



-Bo 



da(c(a) + c(a)) (f'' bB^j P,[cj)X'\ay-'^" 
17 



(3.39) 



is equal to the variation of the BRS charge for the open strings. We have 
1 



-Bi-i 



d_ 



da'5s{<J,a')X^{a')+ I da'Sc{a,a')X" {a'' 



(3.40) 



where we define that Ss{(t, a') = {2/%) Yl'^=i sin(na") sin(na') and that Sc(a, cr') = (I/tt) + 
(2/7r) Yl'^=i cos{na) cos(ncr'). We can also prove that 



dada'f{a)5,{a,a')g{a')= / dada' f{a)Ss{a,a')g{a' 



(3.41) 



where f{cr) and g{a) are cos(?T.a) or sin(7icr) with n > 0. Furthermore, even when either 
/(cr) or g{a) is a, (|3.41|) still holds. By using ( |3.4C1| ) and ( |3.41| ), we find that (|3.39|) becomes 



da (c(a) + c((7)) g'^'dBkj P^(a) - BuX'\a) 



(3.42) 



which is equal to 5(5b(-B); SQsiB) is the variation of the BRS charge Qb{B) under Bij 
Bij + 6Bij. Here we assume that the BRS charge for open strings is defined as 



Qb{B) = r ^ [c(a)T++(a) +c»T__(a)] 
Jo 27r 

where the energy-momentum tensor T±± is 



(3.43) 



-^^g'^ [{2na')P, ± {g,k T hu) [i27:a')P, ± {g,i T bji) X''] . (3.44) 

Note that this BRS charge Qb{B) is different from the BRS charge in the previous 
section in the usage of X^{a) instead of X^{a). Thus, we obtain that 

1 

At last, we can find another string field theory in the finite S-field by making use of 
( ^) and i ^A^ : 

S{B) = -^(v1>|Qb(S)|^') - I m Qb(S)(W 1$) 



(C/n(l, 2,3^)115$) 



B 



2(i?''(i,2)|5g«(s). 



(3.45) 
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9 



9' 



+ I {V,°{1,2,3)\ |v&)32, + ^ (^4°(1,2,3,4)| |vl>)432i + |j (y3^(l^ 2^3^)1 m,,. 



+ g (C/(l, 2^)1 + |- (C/n(l, 2, 3^)| 1^)3 



(3.46) 



where Qb(-B) for closed strings is given by (|3.2| ) and for open strings by (|3.43| ). 
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4. The Unitary Transformation between the Two SFTs 



In the previous sections we have constructed two open-closed string field theories: one, 
given in section 2, has the noncommutative factor exp[— X]r<s(V2)^*"'Pi'^Vj^''] the open 
three- and four-string vertices and the unitary operators put on the legs of open string 
fields in the other vertices, while the other, shown in section 3, has the same vertices as 
the theory in the absence of the S-field. The string coordinates X^{a) in the BRS charge 
Qb of the former theory is replaced with the background independent coordinates X^{a) 
in the BRS charge Qb of the latter theory. Thus, since we have two descriptions of the 
same physics, we are led to ask what relation exists between these theories. 

Henceforth, we will call the former theory in section 2 'noncommutative' theory and 
the latter in section 3 'commutative' theory. As we have shown in section 2, in the non- 
commutative theory, each open string field has the unitary operator . If the open string 
fields ^ are transformed as 

|^) = e^-^|^), (4.1) 

all the interactions in the noncommutative theory become the same as those in the com- 
mutative theory. Then, the BRS charge Qb in the noncommutative theory becomes 
c^^Qbc""^. We will show below that the transformed BRS charge c^Qbc"^ is equal 
to the BRS charge Qb in the commutative theory. Thus, by the unitary transformation, 
these theories are related to each other. 

By the unitary transformation, the 'noncommutative' string coordinates dfjX'^{a) turn 

into 

e^d^X\a)e-^ = d^X'{a) + 9'^ [ da' [S,{a, a') - 6s{a, a')] Pj{a'). (4.2) 

Jo 



The second term in the right-hand side of ( [1.2| ) can be seen from ( ^.41] ) to be vanishing, 
when it is included in an integrand. Therefore, in the transformed BRS charge e^Qse"^, 
all we have to do is to replace the string coordinates X^{a) with the ordinary coordinates 
X^{a). This means that e^'^Qse"^ is equal to the BRS charge Qb in the commutative 
theory. Thus, the noncommutative theory is mapped to the commutative theory by the 
unitary transformation ( |4.1| ). 
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5. Discussion 

In this paper, we have obtained two open-closed string field theories in the same 
background. One gives a noncommutative gauge theory in the low-energy limit, while the 
other is expected to give an ordinary gauge theory with the constant background field 
strength Bij in the infrared. In section 4, we have shown that these theories can be 
transformed into each other by the unitary operator. 

As we mentioned in the footnote in section 2, our oriented open-closed string field 
theory does not maintain the full gauge invariance. Since we need worldsheets to be 
orientable to include the background S-field, it would be preferable to have an open-closed 
string field theory in an appropriate curved background to maintain the gauge invariance 



by using the Fischler-Susskind mechanism |15], while the orientability of worldsheets is 



kept, as has been argued in Besides this issue, the condensation of closed string fields 
we have dealt with only satisfies the equation of motion from the string field theory up 
to the next leading order of the string coupling constant g, mainly because, at least at 
present, we do not have the complete action of a fully gauge invariant oriented open-closed 
string field theory. However, everything we have shown in this paper would remain true 
at the leading order of the coupling constant g, even in such a gauge invariant string field 
theory. 

This paper was motivated by the papers |]1|J^. Since the kinetic term in Witten's 
string field theory is the same as the kinetic term in our string field theory in this paper, 
it is natural to think that Witten's theory transformed by the unitary operator could give 
an ordinary gauge theory with the background field strength in the low-energy limit. Al- 
though, in Witten's open string field theory, we do not have explicit closed string fields, by 
using the above transformed theory, we might be able to discuss an infinitesimal variation 



of the background -B-field in a similar way to the discussion in [21 1. This may lead us 
to the understanding of the gauge symmetry Bij — > Bij + diAj — djAi, Ai ^ Ai + A^ in 
Witten's string field theory. 
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Appendix A. The Derivations of the Vertices in the Background S-Field 

In this appendix, we will derive the open-closed transition vertex ([7(1,2'^) | and the 
open-open-closed string vertex {Uq{1, 2, 3'^) \ in the presence of the background S-field. 

We begin with the open-closed transition vertex (t/(l,2'^)|, which is specified up to 
an overall normalization by the overlapping condition 

(;7(2,r)||(/)(i')(a(i))-^(2)(^(2)0 (0 < a < 27r|ai|) (A.l) 



where 2ai + a2 = and a^^^ = a/\ai\; a^"^^ = (7r|a2| — a)/\a2\. Here (p^^ ^ denotes 
X^W or pj^^"^ of the first closed string and ^^'^^ denotes X^^'^'' or P^"^^ of the second open 
string. Similarly, the open-closed transition vertex {U{1, 2'^) \ in the absence of the S-field 
is specified by 

(C/(2,r)||(/)(i')((T(^))-(/)(2)(^(2))| =0. (0<(T<27r|ai|) (A.2) 
Here, 4)^'^'' denotes X^^^'' or P^'^'^ of the second open string. 



Recalling the definition of the operators M for open strings from ( p.6| ) and for closed 
strings from ( pj.lOl ), by making use of ( |A.2D we can verify that 



(C/(2, 1^) I (^M(i') + M(2) j = 0. (A.3) 
We define the closed string counterpart of the 'dual' coordinates Qj(cr) as 

The dual coordinates Qj{cr) for closed strings connect to those for open strings on the 
open-closed transition vertex (C/(2, l*^)! as 

(t/(2, 1^)1 {gf )(a(i)) - Qf (a(2))} =0. (0 < a < 27r|ai|) (A.4) 
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The commutation relation between M and the string coordinates X'^{a) for closed strings 
turns out to be 

[M,X\a)]=-9'^Qj{a). (A.5) 

From (|A.5| ), we find that 

(t/(2, 1^)1 e^*'''x^(i^)(a(i)) = ([/(2, r)\e^'"^' X'^''\a^^^), (0 < a < 27r|ai|) (A.6) 
and, thus, we obtain 

{U{2,r)\ = {U{2,r)\e^''"\ (A.7) 

Next we will move to the open-open-closed string interaction (f/n(3, 2, 1*^) | in the 
presence of the S-field. The overlapping condition for the case ai, as > and a2 < is 
given by 

{un{l. 2, 3'^; ao) | - =0, (0 < a < ao) 



(tin(l,2,3^;(7o)| 
(tin(l,2,3^;ao)| 



(a^^^) - ^'^^\a^^^) =0, ((JO < (J < (70 + 27ra3 



^^WfaW-27r^ 



0, ((JQ + 2na3 < a < n\a2\) 

(A.8) 

where the notations for cp'^^'^^ are the same as those for the vertex {tJ{2, 1^) |, except cr*^^-* = 



(2) 



|ct2| — cr)/a2; cr*^^) = (cr — (To)/a3. The overlapping condition for the vertex 
([/f2(3,2,l'^)| in the absence of the S-field is given by 

(«n(l,2,3^;(7o)| ^^^Ko^^^) - (/>^(2) (^(2))] = q, (0 < (t < (To) 
(t.n(l,2,3^;ao)| ^^(^^^(a^^)) - </>*(2)(a(2))l = o, (ao < a < (Xq + 2^3) 



(A.9) 



(^in(l,2,3^;(To)| 



(,^(i)(^(i)_2vr^) 



(2)) 



0. ((To + 27ra3 < cr < 7r|a2|) 



As we can see from (|A.9| ), on the vertex ([/f2(l, 2, 3*^) |, we find that 

(t/n(l,2,3'^)||M(i)+M(2)+M(3)} = ([/n(l, 2, 3^)| ^ / ^ 

In addition, we can verify that 

K(CT0)| - Qf[0^H = {uaM\ (0 < (T < (To) 



|ai| 



(A.IO) 



^n(ao)| Qr(a('^)-Qf^(a(2)) =-(t^n(ao)|Q 



(2), 



as. 



(1) / <7o 



(ao < a < ao + 27ra2 



27r- 



1 j'q^ 

(w!:i(o-o)| 2^^) ' (^0 + 27ra3 < a < 7r|a2|) 

(A.ll) 
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where {ufi{aQ)\ is short for {uq{1,2,3'^; ao)\. By utihzing (|A.10| ) and ( |A.11|) , we can find 
that 

(?7n(l,2,3^)| = (t/n(l,2,3^)|e^^'^e^^'\ (A.12) 
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